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We formulate a general sequencing problem that includes two classes of jobs with setup times, 
setup costs, holding costs, and deadlines. The formulation is unique in its explicit recognition of 
the opportunities to exploit productive capacity increases due to batching. An algorithm based 
on tabu search is then used as a solution method. Computational results are presented that suggest 
that the algorithm is effective. 
(SEQUENCING, TABU SEARCH) 

1. Introduction 

This paper describes a general formulation of the single machine sequencing problem. 
The model considers the cost and time required for setups, the cost of holding inventory, 
the value of increased throughput, and the desire to meet exogenously set deadlines. The 
problem of sequencing becomes particularly difficult when the amount of time required 
to set up between parts is significant and depends on the order of part production. One 
way to avoid this difficulty is to eliminate setups, but this may not be economically 
justifiable (Trigeiro, Thomas, and McClain 1989). 

Interest in sequencing has been perked by the realization that the sequence of jobs on 
a production facility’s bottleneck is important. This is true both for pull-based control 
systems where the start of work is triggered by the completion of other work and push 
systems where the start of work is scheduled in advance. One of the reasons that setup 
reduction is so important in the kanban literature (e.g., Hall 1983; Monden 1983) is that 
sequencing cannot be performed a priori. However, a pull system that can accommodate 
significant setups known as CONWIP (Spearman 1990) does so by allowing sequencing 
of the bottleneck. Explicit recognition of the need to sequence the bottleneck is one of 
the advantages of the push control system “Drum-Buffer-Rope” advocated by Goldratt 
and Fox ( 1986). Our sequencing method could be used as the “good rules” for scheduling 
that Goldratt and Fox suggest must exist but do not specify. Better-known push systems 
based on Material Requirements Planning (MRP) regard sequencing as a dispatching 
problem and delegate it to shop floor control. This can sometimes result in schedules 

* Received April 1990, revisions received April and August 199 1; accepted September 199 1. 

87 
1059-1478/92/0101/0087$1.25 

Copyright 0 1992, Pmduction and O~.~rations Management Society 



88 DAVID L. WOODRUFF AND MARK L. SPEARMAN 

with due dates that are impossible to meet regardless of the dispatching rules used 
(Kanet 1988). 

When setup times are significant, it is desirable to batch together jobs from the same 
family in such a way that deadlines are met. Batching also effectively increases capacity 
by reducing the time spent on setups. We will define a family of parts by the property 
that intrafamily changeovers do not require a setup. The presence of part families is very 
important in the operation of our algorithm. When there is more than one order for 
parts from the same family then a dominance result can be exploited. 

Because work is batched to avoid setups, some jobs will finish early. If early shipment 
is not allowed (see e.g., Kanet and Christy 1984), we must consider the effect that a 
sequence will have on holding costs. If early shipment is allowed, then holding costs will 
not vary significantly with the sequence selected (assuming that transfer batches are smaller 
than process batches). 

When there are exogenously set deadlines and significant setups, minimization of 
makespan subject to deadline feasibility is not always an adequate representation of the 
desire to increase throughput. We have encountered the situation in industry where most 
production is in response to orders that have been promised for certain deadlines. Ad- 
ditional work with deadlines is possible but not “booked.” Examples include jobs that 
are conjectured by the sales staff to be a possibility if feasible, work that can be sent to 
a subcontractor if it cannot be done on time, or jobs can be done in response to forecasts 
of demand (no deadline). The minimum makespan sequence for the promised jobs will 
not necessarily result in the best accommodation of “filler” work because it is constructed 
without knowledge of the setup characteristics, deadlines, or value of the optional jobs, 
The formulation given here defines two classes of jobs so that the optional work (jiller 
jobs) may be considered along with the required work (jrm jobs). This is in marked 
contrast to the common practice of using setup costs as a proxy for capacity losses due 
to setup times. This practice is not desirable because the “cost” of lost capacity cannot 
be known until the sequence has been generated (this is discussed in a slightly different 
context in Karmarkar 1987). 

An important contribution of this paper is the formulation that is presented. We cast 
the problem as one of profit maximization rather than cost minimization. We also consider 
a higher level problem than many others in the literature in that we decide whether to 
accept certain jobs rather than attempting to minimize a cost function for a given set of 
jobs. Other contributions relate to the use of heuristic search techniques in general and 
tabu search in particular for the sequencing problem. Examples include a proposition 
related to Earliest Due Date Within Families (EDDWF) that greatly reduces the search 
space and the use of a new diversification parameter to guide the search. Finally, our 
computational results show that our implementation is a viable one. 

The search for good sequences is done using techniques based on tabu search (Glover 
1989a, 1989b, 1989c, 1990). Tabu search is a meta-algorithm for search of a space of 
solutions and a neighborhood structure that defines a means of moving from one solution 
to another. Steepest descent forms the basis of the algorithm, but tabu search escapes 
local optima by forbidding the reversal of recent moves. Sequencing jobs with setup times 
is a hard problem so we will prove and make use of a theorem that reduces the search 
space. We also make use of insertions to permute the sequences that seems to be superior 
to the commonly used method of “swaps.” Our computational experience confirms that 
tabu search is an effective means of attacking the problem. 

Section 2 defines the problem mathematically and is followed by a section that discusses 
relevant literature. Section 4 gives an algorithm based on tabu search and two propositions 
concerning optimal sequences. Section 5 describes computational experience with the 
method. Sequences with inserted idle as well as extension to the presence of ready times 
are discussed in Section 6. The final section gives conclusions. 
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2. Problem Statement 

The mathematical statement of the problem makes use of these parameters: 
2 is the planning horizon (time), 
Q is all jobs (desired shipments), indexed here by i, 
Di is the deadline (time) for job i, (Di 5 Z), 
Hi is holding cost per for job i per unit time, 
Wi is the priority weight associated with job i, 
Ki is the family of job i, 
S(k, /) is setup time to switch from family k to family 1, S(k, k) = 0, 
C(k, I) is setup cost to switch from family k to family 1, C(k, k) = 0, 
Ti is time required for job i (without setup), 
‘3 is the set of firm job indexes, and 
@ is the set of filler job indexes. 
We use the terms date and time interchangeably because we assume that the conversion 

makes use only of a constant. The parameter H$ indicates the value of including job i 
in the sequence. Because all firm jobs must be included in feasible sequences, the values 
of Wi for i E 3 will not affect the choice of the optimum sequence. Note that if a tiler 
job is being considered in response to a forecast or to build ahead for seasonal demand, 
then the deadline of the job should be set to 2. 

For the purpose of determining the need for an initial setup, the zero indexed element 
of !J is taken to be the last job before the planning horizon with Do = To = W, = 0. Zero 
is taken to be a member of 3. We assume that 3 and @ are a mutually exclusive and 
exhaustive set of the indexes of fl. 

The objective is to find a job sequence, g, that is an n-tuple of job indexes from Q that 
maximizes total weight less holding and setup costs. In our notation, a( 1) gives the index 
of the first job in the optimal sequence, a(2) the second, and so on. a(O) is defined to be 
zero. We use the notation X+ to mean x if x > 0 and 0 otherwise. Mathematically, the 
problem is to 

maximize i [ Wdi, - Hdi)[D,(i) - a,(i)]’ - C(Kdi-I,, Kdi,)] 
i=l 

subject to: 3 C {u(i) : i = 0, . . . , n} 

44) 5 Do(i) i= l,...,~ 

where a,(i) = ,Zj,l[S(Kdpl), Kdj,) + T,,j,]. 
The first constraint assures that all firm jobs will be included. Subsequent constraints 

assure that there will be no late jobs, and coupled with the requirement that Di I Z, 
assure that the makespan is within the planning horizon. Because firm jobs will be included 
in every feasible sequence, the values assigned to Wi for i E 3 will not afhect the choice 
of an optimal sequence, just the value of the objective function. 

Determining the existence of a feasible sequence has been shown to be NP-hard by 
Bruno and Downey (1978), who did not consider a formulation with filler work. The 
presence of filler work adds difficulty because the formulation can be restricted to the 
knapsack problem by letting 3 = 0, all S(k, 1) = C(k, 1) = 0, all Di = Z, and all Hi = 0. 

3. Relevant Literature 

The single machine scheduling problem has been addressed by many authors. The 
problem has been developed well enough to be the subject of a number of very good 
texts (e.g., Baker 1974; Conway 1967; French 1982). Unfortunately, most of the previous 
work is not useful for our problem. The objectives (e.g., minimize makespan or average 
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flow time) are typically different than ours. The absence of filler work in formulations 
found in the literature begs the question: could we be producing more? Although these 
formulations are appropriate in many instances, they do not address this question. When 
setup times are significant, a reasonable question would be to ask if setups could be 
further reduced (at the expense of holding costs) in order to increase throughput (to 
obtain higher revenues). This is the question we attempt to answer by allowing the pos- 
sibility of filler work. Our formulation may be considered a generalization of the early/ 
tardy problem with infinite tardiness penalties (see Baker and Scudder 1990 for a review). 
There has been no previous work directly on the problem we have encountered in industry 
and formulated here, but there has been some relevant work done on sequencing firm 
jobs when there are deadlines and setup times. 

Driscoll ( 1975) has developed a clever branch and bound algorithm that finds the due- 
date feasible sequence with the minimum setup time. Driscoll’s algorithm allows for 
sequence-dependent setups. The formulation given here can be reduced to Driscoll’s by 
letting all holding costs equal zero and the setup costs be equal to the setup times. Note 
that minimum setup time implies minimum makespan. 

There is a strong relationship between sequencing and lot sizing formulations found 
in the literature. Many finite lot sizing formulations such as the capacitated lot sizing 
problem (CLSP) can be formulated as sequencing problems by discretizing the demands 
and allowing inserted idle time (see Section 6). The reverse is not true in general because 
the CLSP assumes that demands can be arbitrarily discretized whereas sequencing for- 
mulations allow specification of the discretization. A good example of a CLSP formulation 
is that given by Trigeiro, Thomas, and McClain (1989), who use lagrangian relaxation 
to solve the CLSP with setups. Their assumptions are consistent with the CLSP in that 
they ignore sequencing. They assume that setup requirement production of all parts from 
a family in a period is done in one batch that requires a setup and that the setup char- 
acteristics do not vary with the sequence. The objective function considers holding costs 
(due to early completion), temporal variations in production costs, and setup costs. 

Tabu search has been applied to a sequencing problem involving linear tardiness pen- 
alties and setup costs developed by Laguna et al. (1990). Although their objective function 
is similar to (P), the problem is quite different because of the absence of filler work and 
the presence of tardiness penalties rather than deadline constraints. The bulk of their 
work was done on problems with setup costs, but they report success extending their 
algorithm to handle setup times. Their work is encouraging because they report excellent 
computational experience. 

4. Solution Method 

We could have removed the most troubling constraints (all but the first) if tardiness 
penalty functions could be specified. In many cases this is not reasonable. The penalties 
are often difficult to specify, not linear or even continuous and not independent. For 
example, a practitioner may say “we can make this job very late if we make a few jobs 
for the same customer early, but otherwise we shouldn’t be late with this job at all.” On 
the basis of our experience with actual practice, we suggest that a decision support system 
(DSS) approach is indicated. The algorithms used for sequencing must be able to help 
the user construct sequences with feasible deadlines even though the feasible deadlines 
may not all be the same as originally requested. Viewed from the user’s perspective, the 
system provides information to “decide which customers to apologize to.” 

Our basic solution strategy is to use a form of tabu search in an effort to find both 
feasible and optimal sequences. This is consistent with our goal of developing an algorithm 
that can be used in a DSS. Tabu search begins with a solution and aggressively seeks to 
improve it. Because the problem is NP-hard, any algorithm used may need to be ter- 
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minated prematurely when working with large problem instances. Tabu search will leave 
us with the best sequence it has found so far. Also, the search method can take advantage 
of good starting solutions. This can be exploited if parameters are varied slightly by the 
user after a solution has been found. 

This section is divided into four subsections. The first presents a small example of a 
problem that can be used later to provide some illustration. The second subsection gives 
and proves a proposition concerning the problem. This proposition is used in the third 
subsection that describes the components of the tabu search. The final subsection sum- 
marizes the solution algorithm. 

4.1, Example 

In this small example there are three families: B, Q, and R. All setup times are four 
except the setup from family R to family Q that requires six time units. All setup costs 
are one except the setup from family B to family R that costs two. The processing for all 
part families requires one time unit. All holding costs are one per time unit. Table 1 
gives the jobs to be considered; a weight of zero is used to indicate a firm order because 
the weights for firm orders do not affect the optimal sequence. 

4.2. Proposition Concerning Sequences 

The proposition notes that the optimal objective value can always be achieved by a 
sequence whose jobs are arranged according to earliest deadline (EDD) within families 
(EDDWF) if the holding costs are zero and a reasonable restriction is placed on setup 
times and costs. 

PROPOSITION 1. If all Hi are zero, S(k, 1) + S(1, m) r S(k, m), and C(k, 1) + C(1, m) 
2 C(k, m) then any sequence with N jobs, u, optimal for (P) will remain feasible and 
optimal if reordered SO that Ddi) < D+j, Kdi, = K,j, =$ i < j for all i and j in 1, . . . , N 
such that i # j (EDDWF). 

PROOF. Retention of feasibility after reordering is seen immediately from Corollary 
1 in Monma and Potts ( 1989). Assume that there is an optimal feasible sequence, 6, that 
has jobs X and Y indexed by x and y such that D, < D,,,), K+) = K4,,), y < x (violates 
the implication of the proposition). Consider the insertion of job Y immediately after 
job X to form a new sequence T. To see that an optimal solution is obtained after the 
insertion, note that sequence dependent terms in the objective function are either mul- 
tiplied by H, which is zero by assumption, or are setup cost terms. The setup cost before 

TABLE 1 

Example Jobs 

Index in Omega Family Time Due Weight 

2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 

B 
B 

z 
Q 
R 
B 
Q 
B 
R 
B 
Q 
R 

5 0 
6 0 

13 0 
15 0 
15 0 
21 0 
22 0 
22 0 
23 0 
26 0 
30 2 
30 4 
30 9 
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the insertion is * - * + C(&,,,, KdyJ) + C(Kd,,), Kd,+i)) + * * - + C&-+ K,,,,,) 
+ . l *. The cost after insertion is * * * + C(&,i,, K+,+i)) + * . . + C(K+), K++,,) 
+ - f * because C(K+), K++,,) = 0 because K O(X) = &,,j by assumption. The new setup 
cost cannot be greater because C@&--I), f&)) + C(K+), &++I)) 2 W&-I), &+I)) 
by assumption. 

This insertion may be repeated for all jobs X and Y indexed by x and y such that D, 
< &Yb K7(x)=KT(y),Y~x. 0 

We will use EDDWF as a heuristic on the basis of the reasoning that the theorem will 
hold reasonably well with nonzero holding costs if there is “plenty” of filler work or the 
deadlines are “tight.” 

4.3. Solution Components 
Tabu search, which was developed by Glover, has proven to be very useful in research 

involving discrete optimization. The search uses a hill-climbing algorithm embedded in 
a meta-algorithm that makes use of memory to control the search. The hill climbing is 
based on moves that transform one solution into another and a move differentiation 
mechanism that we will assume to be based on a cost function. Short-term memory (the 
tabu list) is used to avoid back-tracking and to force the search away from local optimal. 
Intermediate-term memory is intended to force intensified search in promising subregions 
of the solution space, and long-term memory forces diversification into previously unex- 
plored subregions. The reader should be aware that the brief discussion of tabu search 
given in this paragraph has taken some liberties by describing particular instances of 
concepts that are given more general treatment by Clover. 

This subsection describes the components of the tabu search used in the solution 
algorithm. The problem statement indicated that the objective is to find a sequence that 
includes only feasible filler work. This is relaxed during the solution and all filler work 
is considered in the trial sequences. Computation of anticipated completion times and 
sequence costs must be adjusted to account for the presence of infeasible filler work. By 
including all filler work in the sequences to be considered, we eliminate the need to 
consider moves that add or remove filler jobs. In essence, filler jobs are “removed” by 
altering the sequence so that they will be completed after their deadline. 

4.3.a. Tuning. One difficulty with sophisticated search strategies such as tabu search 
or simulated annealing is the need to specify various parameters such as cooling schedules, 
list lengths, and iteration limits. Often, the best value for these parameters is data de- 
pendent. Of course, the best performance can be obtained if these parameters are “tuned” 
by an expert for the type of data at hand even though the search is often reasonably 
robust with respect to the parameters. Our goal is to produce a system that finds its own 
search parameters. This, in turn, requires the specification of a set of higher level param- 
eters. But if the search parameters themselves are fairly robust, higher level parameters 
should be extremely robust. The user-specified control parameters are summarized in 
Table 2. These will be explained in subsequent subsections. 

4.3.b. Moves. In order to search the space of possible sequences, we will rely on 
moves that transform one sequence into another. As in (Glover 1989a, 1989b, 1989c), 

TABLE 2 
User-SpeciJied Parameters 

Parameter Use Suggestion 

Tabu list length 30 
Number of steps in first pass 4 
Number of steps in second pass 1 
Second pass muitiplier for L,, 1 
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if we consider a set of N jobs to be sequenced and let s represent the move function, we 
can consider a directed search graph whose nodes are the N! possible sequences and 
whose arcs are defined by s. It is reassuring to define s so that there is certain to be a path 
from the starting sequence to some sequence that is optimal for (P). A common form of 
this transformation used in sequencing problems is the “swap” where jobs i and j exchange 
places in the sequence. In the absence of any restrictions on the swaps, it is well known 
that this results in a connected search graph. For our purposes it is more desirable to use 
“insertion” moves where job i is inserted before jobi in the new sequence. 

Insertion moves also result in a connected search graph, so in the absence of any 
restrictions on moves, all optimal sequences for (P) are reachable from all starting se- 
quences. Insertion moves appear to result in a much faster search for solutions than do 
swaps. Intuitively, this makes sense. It is possible to construct sequences that have desirable 
insertions and no desirable swaps and sequences that have desirable swaps and no desirable 
insertions. But any swap can be accomplished with two insertions, so there is a reasonable 
chance of “discovering” the good swap if the search is occasionally required to make 
nonimproving insertions. On the other hand, exact duplication of the insertion of the 
job in position i before the job in position j requires max (i - i, i - j - 1) swaps making 
the “discovery” of a good distant insertion using swaps unlikely. Another argument is 
that an insertion can make a late job early or remove a setup and therefore improve the 
sequence in one move whereas using swaps can be thought of as adding a constraint by 
requiring that the movement of the “other job” be “not too harmful.” 

The superiority of insertions versus swaps is clearly problem specific. Laguna et al. 
(1990) report that simultaneous consideration of both insertion moves and swaps is 
superior to either type of move alone for the case of linear completion time penalties. 
Limited empirical tests confirm that swaps do not work well for (P), but these tests were 
done with zero holding costs. There may be data instances for which consideration of 
swaps would provide benefits in excess of the computational effort. 

The standard approach used in tabu search is to examine almost all possible moves 
at each iteration. One severe problem with (P) is the high computation effort associated 
with evaluating the effect of a move. Generally, there is no way to avoid examining the 
effect of a move on all jobs after the insertion point in a sequence because the anticipated 
completion times will be changed. For the example given in Table 1, insertion of a job 
before the first job in the sequence changes all other completion times. (There is a small 
class of insertions of a(i) before u(j) that requires examination only of the jobs between 
i and i.) So the computational cost of evaluating the effect of a move is of order N if 
there are N jobs in the sequence. This is compounded by the fact that there are N possible 
jobs to insert and (N - 1) nondegenerate insertion points. 

We can make use of Proposition 1 to reduce the number of moves to be considered. 
If the starting sequence is EDDWF, then insertions may be ignored that result in “jumping 
over family members.” In terms of the search graph, Proposition 1 ensures that consid- 
eration only of sequences that are EDDWF is all that is necessary to achieve the optimum 
objective value. It is clear that a path exists between every sequence that is EDDWF if 
the moves are restricted to preserve EDDWF. Therefore, we will make this restriction 
on moves. 

To see the effect of the EDDWF restriction on the search space, consider a sequence 
composed of the three families P, Q, and R that are evenly distributed. By evenly dis- 
tributed, we mean * . * PQRPQRP * * * as opposed to uniformly (randomly) distributed. 
If F families have tasks evenly distributed among a sequence of length N, then the max- 
imum number of nontrivial insertion points to be considered for each will be min {N 
- 1,2(F - l)} (tasks near the ends of the sequences will have fewer nontrivial insertion 
points). Note that this is an upper bound on the average number of insertion points to 
consider when the distribution is uneven. With the restriction on the moves, the com- 
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putational cost of examining all possible moves is of order N*F. The total number of 
possible sequences that are EDDWF is clearly less than min {N - 1, 2(F - l)}? For 
example, if there are 30 tasks and five families, then there are less than 830 nodes in the 
search space. This is a large number, but it is a tiny fraction of 30!, which is the number 
of nodes if the search is not restricted to sequences that are EDDWF. 

The presence of filler jobs and our desire to avoid having more than one class of moves 
complicates things somewhat. Filler jobs must be allowed to move to positions that make 
them infeasible even if it involves “jumping over family members.” This is easily accom- 
plished by allowing any feasible filler job to jump to the end of the sequence and any 
infeasible filler job to jump to any positions that imply a feasible completion time and 
preserve EDDWF. The addition of these moves increases the number of moves to be 
considered only by a number on the order of the number of filler jobs. Another com- 
plication presented by filler jobs is the possible inclusion of tardy filler jobs in the sequence. 
Because these jobs would not actually be performed, they must be ignored in some sense 
during the analysis of moves of feasible filler or firm jobs. Infeasible filler jobs must be 
eligible to be “jumped over” by members of the same family unless the “jump” makes 
the “jumped over” filler job timely (which would result in a sequence that is not EDDWF). 
The computational effort associated with these considerations grows with the fraction of 
capacity devoted to filler work with deadlines interspersed with those of the firm jobs. 

A further complication is the need to consider the preservation of batching accomplished 
by previous moves. In many tabu search implementations, the tabu list is used to avoid 
move reversal that, in turn, tends to avoid undoing the effects of previous moves. In this 
application, we can provide a higher level definition of “undoing” because batch formation 
is a major aspect of the solution when setups are significant. After a job is selected for 
insertion, adjacent jobs from the same family are also considered for inclusion in the 
move. All adjacent family members that can be included without increasing the cost 
function value are included in the move. This restriction tends to preserve batches unless 
their decomposition is clearly desirable. 

4.3.~. Intens$cation and Diversl$cation. Tabu search makes use of long-term memory 
to guide the search into regions of the solution space that have not been explored and 
intermediate-term memory to intensify the search in promising regions. A commonly 
used approach for long-term memory is to penalize solutions that employ frequently 
used characteristics. One approach that has been used is to assign a penalty to the place- 
ment of a job at a certain point in the sequence on the basis of the frequency of its 
occurrence at that point in the past (as in Laguna et al. 1990). For (P) it is extremely 
difficult to do this to good effect. The presence of significant setups in a “tight” schedule 
means that certain jobs will be in certain positions for every solution that is optimal or 
even near-optimal. As an extreme example, if the EDD sequence begins with five firm 
jobs from the family corresponding to job zero, then it is easy to show that all optimal 
sequences will begin with these five jobs (under reasonable conditions on holding costs 
and setups). Forcing jobs out of these positions will certainly force the search into new 
regions, but only luck will result in finding “good” regions. 

Rather than attempting to develop a complex scheme that tries to find good but untried 
regions, we have opted to force the algorithm to change its search characteristics as a 
means of exploring different regions of the solution space. We do this by introducing a 
diversification parameter, d, that provides diversification in the search and a means for 
the search to optimize its own characteristics in a fashion somewhat like the search for 
good values of X in lagrangian relaxation. 

Unlike lagrangian relaxation, the dependence on d to achieve these two goals must be 
designed. We must use din such a way that the search path will tend to change significantly 
and so that the cost function value of a solution found for a given computational effort 
and starting solution is convex in d. For example, the diversification parameter appears 
in cost functions so that “low” values result in nearly infinite costs for constraint violation 
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but “high” values allow the search to traverse infeasible sequences. Selection of moves 
also makes use of d. Low values result in selection of the best available move as is done 
in tabu search whereas high values result in randomized move selection vaguely resembling 
simulated annealing (see e.g., Johnson et al. 1989). 

After the search has been terminated at one value of d, the value is changed and the 
search is restarted. The best solutions (based on the appropriate cost function, defined 
later) found at various values of d are kept in a data structure called Best-at_dVal so 
that the algorithms can be allowed to search for a longer period of time using those values 
that have shown the most promise (i.e., found the best feasible objective values). 

When the diversification parameter is set to an as-yet-untried value, the starting se- 
quence is set to the best sequence found at d = 0. When a good diversification parameter, 
d is reused, the starting sequence is set to the sequence from Best-So-Far. The al- 
gorithm revisits diversification parameter values in increasing order of quality of solution 
originally found to as to increase the likelihood that the new starting solution was not 
visited during the first search using a. Thus, the intensification of the search occurs with 
promising starting points as well as promising search characteristics (as a function of d). 

4.3.d. Costfunctions. The problem (P) can be expressed as a cost-minimization prob- 
lem using “big M” penalties for constraints violation. For the jth job in Q define the 
filler indicator function as 

G(j) = 
1 jE@ 

0 jE3. 

For the ith job in sequence CT, define the anticipated completion time as 

aXi) = a&-(~ i)) + [s(Kr(,,i), Kdi)) + ~d01, 
the tardiness function as 

x4) = [adi) - %)I+, 
the earliness function as 

di) = [De(i) - UOI’, 
the tardiness indicator function as 

us(i) = 
I 

1 xAi)>O 

0 otherwise, 

and the u index of the most recent job that will be actually done as 

r(a; i) = max {j : j < i, [l - G(a(j))vXj)] = l}. 

Let a,,(O) = 0. This definition of completion times allows filler work to be included in 
the sequence but recognizes that a filler job will not be actually worked on unless it can 
be completed on time. 

The cost of sequence c of length iV is then 

f(u) = 5 U - G(a(O)lvAWf + G(4i)W - VXOI 
i=l 

We will use a finite value of A4 defined so that every feasible sequence will have a lower 
cost than every infeasible sequence. A value that clearly has this property is 

M = z [ Wi + HJli + max C(Kj, Ki)] + 1. 
iEfl jEQ 
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For the purpose of allowing infeasible sequences to be considered at high values of d, 
an alternative cost function that converges to fas d goes to zero can be used, 

[1 - G(a(i))b’&)(M - 4+ 

+ G(a(i))[ 1 - u,(i)] C(&;i), &i)) + e,(i)JJdi) - We(i) exp(d/W + ~a,W) 

where t is very small relative to all other cost parameters. This function has been designed 
to trade filler work for feasibility so that the relative importance of each varies with d. 
Table 3 shows the calculations of the terms in the first summation term for g (the E term 
is omitted) for the example given in Table 1 using a d value of 250. None of the filler 
work would be completed on time in this sequence so the g terms are zero. 

The t term is included for heuristic reasons. Many tabu search implementations make 
use of move characteristics in determining tabu status; an attempt is made to avoid 
reversing recent moves. Thus, the tabu list serves the triple role of tending to avoid 
cycling, tending to avoid undoing the results of previous moves, and tending to force 
some search trajectory when the move selection mechanism does not (e.g., when a flat 
region in the search space is encountered). As we shall see, the tabu list mechanism we 
employ will tend to avoid cycling but will not eliminate move reversals that do not result 
in revisiting a recent solution. As previously described, we have altered the move selection 
mechanism to avoid undoing batches. The E term is intended to provide trajectory when 
other considerations do not. All other things being equal, the algorithm will tend to 
reduce makespan. This means of providing trajectory is intuitively appealing because 
makespan reduction often results in reduced tardiness or increased opportunities to insert 
filler work. 

4.3.e. Tabu List. Generally, tabu search makes use of a tabu list to guide the search 
locally and to avoid cycling. Although it might be desirable to specify states that are tabu, 
the storage and computation required is usually excessive. In many applications, the 
tabu list is maintained by keeping track of some characteristics of recent moves and 
making an effort to avoid reversing them. In the interest of economy, the methods em- 
ployed often rule out moves that will not, in fact, undo previous moves. This problem 
is mitigated by the fact that the tabu list is short-term memory and the restrictions are 
removed after a relatively small number of moves. Further mitigation is usually provided 
by the use of aspiration levels that allow the override of tabu restrictions if the proposed 
move is good enough. 

TABLE 3 
Example of g Computations 

Index in Omega Family Time Due Weight Anticipated Completion g Term 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 

B 
B 

z 
Q 
R 
B 
Q 
B 
R 
B 
Q 
R 

5 0 5 1.0 
6 0 6 0.0 

13 0 11 3.0 
15 0 12 3.0 
15 0 13 2.0 
21 0 18 4.0 
22 0 23 40.0 
22 0 28 235.0 
23 0 33 391.0 
26 0 38 470.0 
30 2 0 0.0 
30 4 0 0.0 
30 9 0 0.0 
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We have opted to use a direct approach in maintaining the tabu list. That is, we 
attempt to make previously visited states tabu rather than certain move characteristics. 
The tabu list is composed of two entries for each sequence visited, the cost (using gd) 
and 

x(u) = $ b(i)? 
i=l 

Moves that result in an x value and cost value that match an entry in the tabu list are 
forbidden. The function x was chosen (somewhat arbitrarily) because it is inexpensive 
to calculate and does a reasonable job of distinguishing the sequences. There is a nonzero 
chance that a sequence that has not been visited will be “tabu” because the range of x 
will be much smaller than the number of possible sequences. This type of error can only 
be avoided with considerable computational effort as is typically the case when hashing 
functions are used. The tabu list is kept as a circular array with K elements, where K is a 
parameter. This means that after K iterations, a sequence may be revisited. In tests involving 
over 4500 moves using a tabu list of 30 elements for sequences of 30 tasks, just over five 
percent of moves were tabu. This indicates that extra computational effort to distinguish 
between sequences is probably not justified. 

4.3.f. Move Selection. In order to facilitate some randomness in move selection and 
to provide an alternative move if the move selected is tabu, a short list of the best moves 
available is assembled. Tabu search has been conjectured by Skorin-Kapov (1990) to 
perform poorly in hat regions of the search space (in this case, regions where there are 
many moves tied for the best and the moves result in little or no change in the cost 
function). In preliminary tests, we encountered a large number of flat regions in the 
search space for some problem instances. This was particularly true with zero holding 
costs. Ryan (1989) has suggested randomness in move selection as a means of creating 
diversity to help deal with this problem. We have incorporated randomness in move 
selection in a way that enhances dependence on d. In order to select a move, we must 
evaluate the change in sequence cost associated with each candidate move i, Agi . Suppose 
that there are Z moves in the candidate list, then we will select the move randomly with 
the probability of move i being selected given by 

exP(-&i/d) 
C&, exp(-A&/d) ’ 

This selection mechanism results in nearly uniform random selection for very high values 
of d and in almost deterministic selection for very low values of d. Note that improving 
moves will be strongly favored over disimproving moves at all but the highest values of 
d. This selection mechanism bears some resemblance to that used in simulated annealing 
except that much more information is used here. 

The tabu list is checked after move selection. If the move selected is tabu, it is discarded 
and another move is selected from the candidate list. Note that K must be less than the 
length of the candidate list or there is a possibility of an infinite loop so the candidate 
list length we used was K + 1. Table 4 shows a candidate list of length six for the sequence 
shown in Table 3 (d = 60). As an aside, we note that this use of a candidate list is different 
than that envisioned by Glover ( 1989a, 1989b, 1989c), where the list is described primarily 
as a means of reducing the number of moves that must be considered for most iterations 
and the list is updated using a sampling scheme. 

4.3.g. Initialization and Termination. The search for good values of d is referred to 
as the jrst pass. The best values of d are then retried during a phase called the second 
pass. The first pass goes from d = 0 to d = d,,,,, in B steps where /I is a user-specified 
parameter. The starting solution is reset for each of the p iterations in the first pass to a 
preliminary solution found using d = 0. (During debugging tests using sequences of 
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TABLE4 
Candidate List Example 

From To Probability 

8 6 -8 14.0 0.514892 
8 10 -470.0 0.145210 
8 11 -391.0 0.105867 

10 7 -346.0 0.088421 
7 3 -263.0 0.063446 
7 6 0.0 0.022158 

length 10, the optimal was frequently found during the search for a preliminary solution.) 
The value of d,,,, is set at A4 because that is the maximum value that makes sense for 
cost function g (higher values would result in rewards for infeasibility). The second pass 
is terminated after the y (a user-specified parameter) best values of d have been retried. 

A rule must be developed for stopping the search at a given value of d. A conceptually 
simple rule is to stop if no improvement has been made after a number of moves have 
been considered (Ld). We would expect Ld to be an increasing function of d because 
increasing d increases the possibility of nonimproving moves at every iteratibn. Appro- 
priate values of Ld are data specific. For some sets of deadlines, long searches are appro- 
priate at high values of d, for others, there is little point. The method we use is to assume 
that Ld is a linear function of d and to fit the line using L values found heuristically at 
d=Oandd=d,,,,,. Both points are found by setting Ld = FN (number of part families 
time number of jobs to be sequenced) and then checking the maximum number of tries 
between findings of Best-At-dVa1 [d] . In order to intensify the search during the 
second pass, Ld is multiplied by a user parameter Y. 

4.4. Solution Algorithm 

The components are summarized here in a statement of the algorithm. The main 
algorithm is followed by details for the procedure named SEARCH. Boundary checks are 
omitted and the solution reset during the first pass is not shown. 

Main 

1. CJ 6 9; N c cardinality( 6); F + number of families 
2. sort u increasing in deadline 
3. M + C,o [ Wi + HiDi + max%, C(Kj, Ki)] + 1 
4. d,,,,, + M 
5. Ld+N; d +O;SEARCH(Tries-0) 
6. d +- d,,,,,; SEARCH(Tries-Cmax) 
7. L&Slope+- (Tries-Cmax - Tries-O)/ d,, 
8. for d + d,,,J@ to d,, step d-//3 

&-Tries-0 + Ld-Slope *d 
a+Best-An+dVal[O].Sequence 
SEARCH(dummy) 

9. sort Best4t-dVa1 increasing in sequence cost 
10. for i f 1 to y 

d +Best-at-dVal[i].d 
a+Best-So-Far 
SEARCH(dummy) 
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11. output Best-So-Far 

procedure SEARCH ( Tr ies-Reqd ) 

1. Tries-Reqd f Tries f 0 
2. I + N*exp(d/&,) 
3. Candidate-List + I moves preserving EDDWF with the lowest values of Ag. 
4. sort Candidate-List increasing in Ag 
5. Tries + Tries + 1 
6. URan + random(O, 1) 
7. Move + element kin Candidate-List such that URan is closest to, but less than 

CfL I eXp(- Agj/d) 

Cj=, exp(-Q/d) 

8. if Move in Tabllist 

then 

Remove Move from Candidate-List 
if Candidate-List = @ then goto 3 else goto 5 

9. update Tabu_List 
10. DO-MOVE (Move, a) 
11. if u is the best (usingf) sequence found so far at d 

then 

update Besat-dVa1 and Best-So-Far as appropriate 
if Tries > Tries-Rqd then Tries-Rqd + Tries 
Tries + 0 

12. if Tries > Ld then return 
13. got0 3. 

5. Computational Experience 

In preparation for implementation of a version of our algorithm in a large circuit 
board plant, we have conducted tests on data that capture the characteristics of the 
demand and production environment in the plant. The data have been altered to avoid 
disclosure of sensitive information and to ensure that the optimal objective value is 
known. Direct setup costs are zero and early shipment is allowed so holding costs are 
considered to be zero. The exact mechanisms for test generation are given in the Appendix. 

The first sets of tests were run using the parameter values given as suggested values in 
Table 2. Twenty test cases were generated. The average objective function quality was 
0.88 and the optimal objective function was achieved in 17 of the 20 cases. Running on 
a Dell 3 10 personal computer, the average time to find the best sequence was 10 1 seconds 
with a maximum time of 5 13 seconds. Total run time of the algorithm averaged 1100 
seconds. In the three cases where the optimal sequence was not found, the algorithm 
terminated very quickly, suggesting that higher values of L, could be used to improve 
the quality. 

The same 20 test cases were given to a program modified so that step 5 of the algorithm 
set Ld to F* iV rather than N and v was set to two rather than one. The same 17 test cases 
were solved optimally, but the average objective function quality rose to 0.97. The average 
time to find the best sequence was 283 seconds and the average total run time rose only 
by 15 seconds. The improved quality came during searches using d values other than 
zero, which supports the contention that long-term memory becomes important for hard 
problem instances. 
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Because we will use this algorithm in a DSS, we may be willing to sacrifice some quality 
in the interest of saving time. To study the effect of abandoning the use of the diversification 
parameter, we used a program that terminated after p + u iterations of step 5 using the 
same 20 test cases. (Of course, we did not reset the starting solution.) The number of 
problems solved correctly fell to 16 and the average objective function quality to 0.85. 
The average time to find the best sequence was 7 1 seconds whereas the average total run 
time was 250 seconds. Some of the time savings was directly due to the degradation in 
quality. In the cases where the optimal was not found, each of the five calls to SEARCH 

terminated very quickly because no improvement was possible. Perhaps these 20 cases 
could be solved more quickly than with long-term memory by using an appropriately 
long value of Ld, enough calls to search, and a very long tabu list (to guarantee against 
cycling). We did not conduct a search for such parameters because the point of using the 
diversification parameter is to eliminate the need for such tuning. 

We had two goals for these tests. First, we wanted to verify that tabu search produced 
adequate speed and quality for use in the industrial setting in which we are currently 
interested. Our results indicate that a mainframe computer should be used in practice. 
Because the test cases were generated in such a way as to represent problem instances 
that in some sense are harder to optimize that the ones we will face, we are satisfied that 
the algorithm can be used as the engine for a DSS. Our second goal was to establish a 
benchmark for this problem formulation. The problem of sequencing with deadlines, 
sequence dependent setup times, and filler work has not appeared in the literature. We 
think it is an important problem and have shown that a reasonable heuristic exists; 
perhaps better solution methods can be found. In many cases, variations on the problem 
may be appropriate. Some of these are discussed in the next section. 

6. Extensions 

The use of tabu search as a basis for optimization allows easy modification of the 
objective function. For example, a nonlinear discontinuous penalty for setups per unit 
time has been added to the objective function used in the circuit board plant. The presence 
of earliest start times (ready times) and inserted idle time (scheduled starts) can also be 
accommodated. 

6.1. Earliest Start Times 
Various situations may give rise to ready times. For example, if the single machine to 

be sequenced is in a production facility, the presence of WIP in the plant or engineering 
release times can invalidate the assumption that all tasks are available at time zero. 

In this case, define Ei as the earliest start time for job i and modify the anticipated 
completion time function used in the definition of(P) to be: 

+ SC&j-l), K(j)) + To(j) 

and make the corresponding change to the definition of a, used in the cost functions. 
The algorithms described go through without modification except that within each 

family, ready times must be increasing with increasing deadlines in order to prove Prop- 
osition 1. If there are ready times for a significant number of the jobs, then the search 
space can be reduced using the dominance results of Erschler, Fontan, Merce, and Rou- 
bellat (1983). 

6.2. Inserted Idle Time 
From a mathematical standpoint, it is obvious that one can reduce holding costs by 

inserting idle time between tasks. This is done by scheduling the start of work. The 
formulation given assumes that a job will start as soon as the job sequenced ahead of it 
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finishes. If holding costs are significant and the deadlines are not “tight,” it may be 
desirable to delay the start of each job until the last possible moment. In this case, the 
cost computations must be altered. After the anticipated completion times for every job 
in the sequence have been calculated, they must be modified to be 

The cost functions must be modified to use a’. 

7. Conclusion 

We have presented a general formulation of the single machine sequencing problem 
that addresses problems related to significant setup times. The algorithm presented con- 
siders tradeoffs between holding costs, setup costs, and increased revenue. The ability to 
explicitly indicate what types of work can be used to increase revenue is important when 
sequencing for significant setups and can be accomplished using the methods described 
here. This moves task sequencing from the cost minimization arena to profit maximi- 
zation. 

Appendix. Test Problem Generator 

The sequences are randomly generated with several meaningful macroscopic parameters. These are as follows: 
a. Expected fraction of jobs that are filler (FF = 0.1). 
b. Target Number of families (NF = 5). 
c. Number of jobs in the sequence (NJ = 30). 
d. Average process time as a fraction of the average setup time (F = 1 .O). 
e. Target number of setups in the sequence (Ns = 15). 
f. Setup matrix, i.e., time to setup between family i to family j 

s=i,;;C2; Ei). 

Due to the way the procedure works, target values are often an overstatement of the actual values for the 
sequences generated. 

To create the sequences we must compute, for each job j, the completion time, the part number, the job 
quantity, and the job deadline. This is accomplished in the following steps: 

I. Compute the average setup size from the setup matrix, s. 
2. Compute the “Time Horizon,” T as, 

T = s(Ns + FN,). 

3. Compute the probability of setup as, P = NsJN,. 
4. Generate the completion dates, Cj, as uniform random integers over the range [0, T]. 
5. Make the schedule tight by setting T equal to the last completion date. 
6. Assign part numbers and quantities to the jobs on a single pass through the set of completion dates. At 

this step we generate a uniform (0, 1) random number and use (P) to determine whether a setup has occurred. 
If there is a setup, we choose the next part number with equal probability over the other part numbers. If, 
however, there is insufficient time for the setup to occur, we continue with the current part number. For this 
reason, there may be fewer setups than the specified value (Ns). 

7. Assign deadlines to the jobs on a single pass. Potential deadlines are generated as uniform random integers 
on [0, T]. If the potential deadline is greater than or equal to the completion date, it becomes the deadline, 
otherwise, the completion date becomes the deadline. In this way, the deadlines for the optimal sequence are 
tight but EDD is not necessarily optimal. 

8. Assign filler or firm status on a single pass. For each job, the status is set to filler if a uniform real on [0, 
1] is less than FF. The weight for each filler job is set to be the quantity for the order. 

Because it is known that all filler jobs can be sequenced, the optimal objective value is known. In order to 
measure the relative “tightness” of the sequences generated, we compute a EDD capacity utilization defined as 
the makespan for a sequence arranged according to earliest due date divided by the last deadline. The EDD 
capacity utilizations for the tests we used were nearly uniformly distributed between 1. I and 1.5. 
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