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SINGLE MACHINE SCHEDULING WITH CONTROLLABLE 

PROCESSING TIMES AND COMPRESSION COSTS 

(PART I :EQUAL TIMES AND COSTS) 

T A N G  G U O C H U N  AND F O U L D S ,  L . R .  

Abstract. Most papers in scheduling research have treated individual job processing times as 

fixed parameters. However, in many practical situations, a manager may control processing 

time by reallocating resources. In this paper, authors consider a machine scheduling problem 

with controllable processing times. In the first part of this paper, a special case where the pro- 

cessing times and compression costs are uniform among jobs is discussed. Theoretical results 

are derived that aid in developing an O(n 2) algorithm to slove the problem optimally. In the sec- 

ond part of this paper, authors generalize the discussion to general case. An effective heuristic 

to the general problem will be presented. 

w I Introduction 

This paper considers the problem of simultaneous determination of optimal compres- 

sion activities and optimal sequence for N jobs to be processed on a single machine. All 

jobs are available at time zero. Processing times are known and deterministic. However ,  

we assume that the processing times of jobs can be crashed for uniform amounts of time 

and cost. The objective is to simultaneously determine an optimal sequence and the opti- 

mal crashing activities to minimize the total costs in completion and compression. 

Early in 1969, Lawler and Moore Ell studied the single machine scheduling problem 

with two different machine processing times and costs for each job. This single machine 

problem with controllable machine processing time and cost has been further studied by 

Vickson Ez'31, Van Wassenhove and Baker E43, Tuzikov E53, Ruiz Diaz and French E61, etc. 

Readers are directed to Nowicki and Zdrzalka E73 for a detailed review of the literature relat- 
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ed to this kind of problems. The problem considered in this paper is most directly related 

to the problems considered in [-2]. Considered a single machine problem with controllable 

processing time. The  objective of the problem was to minimize total  weighted completion 

times. He showed that  in the case that  each job can either be processed in a normal t ime at 

zero cost or in maximally compressed time at a positive compression cost. The complexi ty 

of this problem is still unknown. He assumed that the compression costs are linear func- 

tions of processing times of jobs. To  solve the problem,  he  first developed the analytical 

conditions to identify job status (to be crashed or not to be crashed)  and if the job status 

can not be identified by the conditions,  a heuristic was used to find an approximate optimal 

solution. 

In the first part  of our paper ,  we consider a special case in which the allowable com- 

pression time and related compression costs are uniform among jobs. To  our knowledge,  

no paper has been found in examining this topic. We provide O(n z) algorithm to solve the 

problem optimally. By this ,  we mean that  the problem, in this case,  is polynomially solv- 

able. Both theoretical and numerical results  are presented. 

We will generalize our discussion and the algorithm to general case in the second part  

of this paper ,  where we will present some computative numerical results. 

Part  I is organized as follows. Section 2 provides some basic analysis. In Section 3, 

we propose some important  theoretical results  that lead to the development of an algori thm 

that is presented in Section 4. A numerical example to i l lustrate the algorithm is described 

in Section 5. Conclusions and extensions are discussed in Section 6. We omit some lengthy 

proofs of some theorems and lemmas. For  the detail proof readers can refer to [-8]. 

w 2 Problem Formulation and Basic Results 

We assume that  there are n jobs to be processed on a single machine one at a time. 

Each job has its normal processing time which can be compressed. For each job,  a positive 

weight is assigned to represent its importance. There  are therefore  two types of costs .  

1. the completion (including waiting) time costs,  

2. the compression costs. 

The objective of our problem is to find an optimal sequence and an optimal decision of 

compression activities to minimize the sum of 1 and 2. 

We now introduce some notation used in the rest of this paper. Let  J =  {1,2 . . . . .  n} 

be the job set. For  each job j E  J ,  let 

p i = t h e  normal processing t ime,  p i :>0 ,  u~=the  maximum compression t ime,  O~uj~pi~ 

x j = t h e  actual amount  of time by which job j is compressed,  with O ~ x i ~ u  i, the vector of 

the compression activities of all jobs is denoted b3r x =  (xl ,x l  , . . .  ,xn) ,  and the set of 

all feasible compression activities is denoted by X =  { x =  (x~ ,xz . . . . .  xn) " O ~ x i ~ u j , j  
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E J } ,  and then t j = t h e  actual processing t ime,  with t i=pi--x j ;  

c j = t h e  compression cost per unit t ime,  w j = t h e  completion cost (weight)  per unit t ime;  

s = a  permutat ion (sequence) of J , i .  e. the i th  job to be processed in sequence s is denoted 

as s( i ) ,  the set of all permutat ions of J is denoted as S;  

C i = t h e  completion t ime,  for given compression vector x and sequence s, 
J J 

c . , , ,  = E ' . , , ,  = ( p s . , -  
i=1  i = 1  

For a given compression vector x ,  the total compression cost is Fz(z)=~=lciz j .  

Note that z~(for all j )  is independent of the sequence s. For  each decision pair ( x , s ) ,  

the total completion cost can be described as below: 
n ~ j ~ j 

Y, (x , s )  = E w , , , , c , , ,  = E w , , , ,  E t , , , ,  = E w , , , ,  E ( P , , , ,  - x,,,,). 
j = l  j = l  i = l  j = l  i ~ l  

There fo re ,  the total cost is F ( x , s ) = F ~ ( x , s ) + F z ( x ) .  Our problem is to find an optimal 

(x* ,s* ) E (X ,S) which minimizes F , i .  e. 

F(x" ,s" ) = min F(x , s )  
(x,s)  E (X ,S)  

The  complexity of this problem is still unknown,  al though many authors  believe that it is 

NP-hard .  (see,  for example ,  [-23 and [-71. ) We now discuss a special case in which the 

maximum compression time us and unit compression cost ci are equal for all jobs. Tha t  is cj 

=c,u j=u, for  all j = l , 2 , . . .  ,n. 

For  any fixed sequence s, it has been shown that  E2]the following x minimizes F(x , s ) :  

u, when c < ~)--~=3vs,i,, 
x, w = (1) 

0, when c ~ ~_~=iw,,,. 

This result tells us  that  for each job we only need to consider two possibilities: being 

crashed ( x i = u )  or being uncrashed ( x i = 0 ) .  In ( 1 ) ,  we also see that  if c ~  ~-~=j w,,)for 

the j th job in sequence s, which implies x,o~ = u ,  then c <  E~=k w,r for all k ' ~ j  and 

hence x,~k)=u for all jobs before the j th  job in the sequence s. This means that  all crashed 

jobs should be put before uncrashed jobs in an optimal solution. 

On the other hand,  for any fixed compression (or  crash)  vector x ,  the optimal se- 

quence that  minimizes F1 ( x , s )  is the corresponding weighted shortest  processing time 

( W S P T )  [9] sequence. This  implies that only x is an independent variable. When x 

changes,  the related W S P T  sequence changes correspondingly. Since both x and s are deci- 

sion variables in the original problem,  we still keep two variables x and s in the objective 

function F( x , s ) ,  as well as in the decision pair ( x , s ) ,  although only x is independent. 

Our proposed O(n z) algori thm is a procedure to decide x. When x is determined,  the 

corresponding W S P T  sequence can be found in O(nlogn) time. 

We define a feasible solution (x,s) as below,  satisfying: 

1) x i = 0  or u,  for all j = 1 , 2  . . . . .  n; 
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2) s is in W S P T  order with respect to the actual processing times { t i = p j - - x i , j = l ,  

, o r  

Pi~Pj+I when p~-= PJ+I. Tha t  is 1 ~ - 2 ~ - . . .  ~-n.  We also assume that for any 
W j  W j+  1 

feasible solution ( x , s ) ,  t'(i) = t,(j+l) implies s ( j ) < s ( j +  l) .  
W s ( j )  ZIUs(j+I) 

�9 Use j + to denote the decision to crash job j when it is originally uncrashed (i. e. 

change x j = 0  to x i = u ) ,  and j ~ as the decision to resume (or recover) job j 

when it is originally crashed (i. e. change x j=u  to x~----0). 

�9 For jobs i and j ,  if i-,--j, we have 3 cases when both i and j are crashed: 

P i  - -  u Pi-- u ~ Pi j P j  . . . - - W e  write i -~ -~ j ,  if ~ <.. - -  ~-~ - -  . Clearly,  this means that t*-l*-Z 
W i  W j  W i  W j  

~ - - - j .  

- -We  write i~--~--j, if p i - - u < p i ~ p j - - u < p j .  This means that i-,--i~-j~--j. 
W i Zs i W j  W j  

- -We  write i ~ j ,  if pj--u i P l - - u  I P ~ J P i  This means that j*-i~--i'~--j. In this 
w,  "" w,  ~"w--,~w~" 

case, we know wi>wi ,  and p~>pj. 

�9 For a given solution ( x , s ) ,  with s in WSPT sequence, if we change the status of 

the job k and the WSPT sequence changes accordingly,  we use (x  ~ ,s ~) to denote 

the new solution. We use the notation Ek ( x ,  s) for the increment (can be 

negative) of the cost function when we change the status of job k, i .  e. ,E~(x,s)= 

F ( x  ~ , s r ) - -F(x , s ) .  For any given ( x , s ) ,  there are at most  n possible increments 

E k ( x , s ) , k = l , 2  . . . . .  n. 
�9 For any solution ( x , s ) ,  we denote L(x , s )  as the set of crashed jobs, i .e.  L ( x ,  

s )= { j E J  [xj=u}. 

When all jobs are uncrashed,  i.e. x =  ( 0 , 0 , . . .  , 0) ,  we assume s o = ( 1 , 2 , . . .  ,n) is the ini- 

tial sequence. We now adopt Vickson 's  notation and let Ei(O,s~ Also by Vickson 's  

result we have 

E / 0 , s 0 )  = D, = , ( c -  w , -  + p , 2 w , -  <z) 
k ~  k~p i k~a~ 

where a t is the set of jobs following j after j is crashed and repositioned, while fli is the 

possibly empty set of jobs lying between the old and new positions of job j. i.e. 

a ' =  { k ~ = J l P ~ P ' - - U } ' a n d f l ' =  {k=/=JlPJ--u  ~ P---~k wj w~ w, 

2, . .~  ,n}l 

3) all crashed jobs are put before uncrashed jobs. 

Obviously,  an optimal solution can be found among feasible solutions. 

In the rest of the paper we will use the following notation. 

�9 Denote {1,2 . . . . .  _n} as the corresponding crashed jobs. 

�9 Write i,~--j if P i ~ P i  Pi Pi P l ~ P 2 ~  ~ P ,  wi-~wj or p i ~ p j  when - - = - - .  We assume - -  - -  . .  
W i W j  W 1 " ~  W 2 " ~ "  W n 
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When i and j ( i s z=j )  are both  uncrashed,  we use a~ s to denote the increment  of Dj when 

/ i s  crashed. Vickson showed tha t  

"wsP~ - -  w i (Ps  - -  u )  > O, 

O, 

wsu > O, 

w i p j  - -  w s ( p i  - -  U) > O, 

O, 

,WiU > O, 

when - - j ,  

when ----,--j, 

when zc=j,  

when j , - i ,  

when - - -~- i ,  

when j r  

(3) 

By using (2)  and ( 3 ) ,  it is easy to prove the following lemma which gives an expression 

for the increment f rom one solution to another.  

L e m m a  1. For two  solutions ( x  1 , s 1) and  ( x  z , s z) w i t h  the sets o f  crashed jobs L ( x  1 , s I ) 

and  L ( x  z , s 2) ,  respec t ive ly ,  assume that  L ( x  1 , s 1 ) C L  ( x  z , s z) and  let  L ( x  z , s 2) \ L  ( x  1 , s 1 ) = 

{ k l , k z  . . . . .  kq}. I f  j ~  L ( x  z , s  2) (and  hence j ( ~ L ( x  1 , s l )  ) ,  then the increment  due  to j ~ is 

E j ( x  2 , s  2) = Es(x 1,s 1) + ~~ja,,.j ~ E s ( x  1 , s l ) .  
t=l 

S i m i l a r l y ,  i f  i E L ( x  1 ,s 1) (and  hence i E L ( x  z ,sz)  ) , then the increment  due  to i ~ is 
q 

E i ( x Z , s  z) = E i ( x  1 ,s 1) - -  ~ a , , . s  <~ E i ( x  1 , s l ) .  
t=l 

For  the special case where  q =  1, we have 

�9 for solution ( x , s )  with j r  let (x '  , s ' )  be the new solution due to j ~ , 

then 

[ - -  E s ( x , s ) ,  if k = j ,  

E k ( x ' , s ' )  = ~ E k ( x , s )  + a s k ,  if  k =/= j ,  a n d k  ~ L ( x , s ) ,  (4) 
I 
L E k ( x , s )  - -  %, ,  if k E L ( x , s ) ;  

�9 for solution ( x , s )  with i E  L ( x , s ) ,  let ( x ' , s ' )  be the new solution due to i ~ , 

then 

~ - -  E i ( x , s ) ,  

E , ( x '  , s ' )  = ~ E , ( x , s )  - -  a,,, (5) 
! 
~ E , ( x , s )  + a,,, 

�9 for solution ( x , s )  with j g x L ( x , s )  and i E L ( x , s ) ,  let ( x ' , s ' )  be the new solu- 

tion due to i { and j ~ , then 

- -  E s ( x , s )  + aq, 

= ~ - -  E ; ( x , s )  + aq, 

E , ( x ' , s ' )  I E , ( x , s )  + as, - -  a, , ,  

L E , ( x , s )  - -  a~, + ai,, 

i f k  = i ,  

if k ~ L ( x , s ) ,  

if k : # / , a n d  k E L ( x , s ) ;  

i f k  = j ,  

i f k  = i ,  

if k :~ j and k ~ L ( x , s ) ,  

if k =/= i and k E L ( x , s ) .  

(6) 

And also,  by (4) and ( 5 ) ,  we have 

F ( x ' , s ' )  - -  F ( x , s )  = E i ( x , s )  + E j ( x , s )  - -  a#. (7) 
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w 3 The Main Theorem 

In this sect ion,  we provide a necessary and sufficient condition for an optimal solu- 

tion. Before we present  the theorem,  we give two lemmas,  Lemma 2 and Lemma 4. 

The following lemma and its corollary state that in the case of i~ ~ j or i~-----j,  we 

prefer crash i and resume j if i is not crashed and j is crashed. 

Lemma 2. (a)  I f  i , j ~ L ( x , s ) ,  and i ~ ~ j or i,--',--j, then 

E i ( x , s )  ~ E~(x , s )  + ai~ --  wiu ~ E i ( x , s ) .  

(b)  I f  i , j E L ( x , s ) ,  and i ~ ~ j or i-,--~--j, then 

E i ( x , s )  >1 E i ( x , s )  - -  aij + wiu ~ E i ( x , s ) .  

From Lemma 2 we can obtain the next  corollary. 

Corollary 3. Forsolut ion ( x , s )  wi th  i ~ L ( x , s )  and j E L ( x , s ) ,  i f  i ~ j o r i~ - -~ , - - j ,  

then the new solution ( x ' , s ' )  f rom ( x , s )  due to i ~ and j ~ is no worse than ( x , s ) ,  i .e .  

F ( x '  , s ' ) ~ F ( x , s ) .  

Now for any solution ( x , s ) ,  by applying the above corollary for finite times we can 

obtain a new solution (x , s )  which satisfies: 

(a) F ( x , s ) ~ F ( x , s ) ,  and 

(b) for any i ~ L ( x , s )  and j E L ( x , s ) ,  we have netiher i ~ ~ j nor i~--.,--j. 

Let D be the set of all such solutions ( x , s )  that satisfy (a)  and (b) .  By the definition 

of dominance set given by Baker E1~ the set D is a dominance set. To  solve our problem,  

we only need to find the best solution in the dominance set D. We call the solutions in D 

dominance solutions, and the optimal solution in D the optimal dominance solution which is 

the optimal solution to our problem. 

For  any pair i and j in a dominance solution ( x , s )  with i ~ L (x ,  s) and j E L ( x ,  s ) ,  

only four possible cases should be considered:  j ~ ~ i , j , - - - , - - i , jr  and ir Also by the 

definition of the notations "-~ : ","~--~--" and "<=:', we can see that  all crashed jobs are be- 

fore all uncrashed jobs in  a dominance solut ion,  which approved the result we mentioned in 

Section 2. Tha t  is,  all crashed jobs should be scheduled before any uncrashed job. 

Lemma 4. Supposethat  j o b s i t E L ( x , s ) , l = l , 2 ,  . . . .  t a n d  jobs j m C ~ L ( x , s ) , m = l , 2 , . . .  , 

h ,  and 

Pll ~ Pq 4 . . .  ~ Pi, and P~I --  u Pi2 -- u p& --  u . . . .  < - -  <~.. .  < ~ _ _  
W i  I W i  2 W i  t wJ 1 W j2 W j  h 

Let (x  1 ,s ~) be the solution obtained from ( x , s )  due to j~ ~ ,jz ~ , . . .  ,jh-~ ~ ,iz ~ ,i3 ~ . . . . .  

i, ~ , and (xZ,s z) be the solution obtained f rom ( x l , s  1) due to jh ~ ,il ~.  I f  for all m = l ,  

2 , . . .  ,h and l = 1 , 2  . . . .  , t , w e  have 

jmc=it or itc=jm, and F(xZ , s  z) < F ( x  1 , s l ) ,  

then there exist j=E { j l , j z  . . . .  ,jh} , i r e  {il , iz . . . .  ,i,} , and {x,s} obtained from ( x , s )  due 

to j ,  ~ and it ~ , such that F ( x , s ) < F ( x , s ) .  
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Now we give the main theorem of this paper. 

Theorem 5. Let j l , j s ,  . . . .  jh and il , is  . . . . .  i, be def ined as in Lemma 4, and ( x , s )  be the 

solution obtained from ( x , s )  due to j~ ~ ,jz ~ . . . .  ,jh ~ and il ~ ,is ~ , . . .  ,it ~ . I f  F ( x , s )  

( F ( x , s ) ,  then at least one o f  the fol lowing situations is true: 

(a) there is j .  E { j l ,  jz . . . .  , jh } such that ( x ,  s) can be strictly improved due to crashing 

j . i  

(b) there is il E {il,is . . . .  ,i, } such that ( x  ,s) can be strictly improved due to resuming 

Zl! 

(c) there are jmE {j l , j z ,  . . . .  jh} and i re  {il,i2 . . . .  ,it} such that ( z , s )  can be strictly 

improved due to crashing jm and resuming it. 

Proof .  If the set {il,i2 . . . . .  i,} is empty,  we prove by contradiction that  the situation (a) 

in the theorem is true. Let Ccm,sm)-=the solution from (z , s )  by j+ ,jz + , . . .  ,jm ~ , m = l ,  

2 , . . .  , h. Hence (xh,s  h ) = ( x , s ) ,  and L ( x , s ) C L ( x  ~ , s l ) ~ L ( x z , s z ) C .  . .  C L ( x  h,s~). If 

(a)  not true we have F ( x  I s~>~F , , ::I- ( x , s ) .  Also for any m > ~ 2 , ( x , s )  can not be improved 

by crashing jm. From Lemma 1, (x m-~,s "-1) can not be improved by crashing j ,  either,  i. 

e .  

F ( x " , s " )  >~ F ( x  "~-1 ,Sin--l). 

Therefore F ( x  ,s) = F  (x  h ,s h ) ~ F  (x  h-1 ,s h-1 ) ~ .  . . ~ F  (x  1 ,s ~ ) ~ F  (x  ,s) , which contradicts 

the assumption F (x , s )  < F  (x ,s) in the theorem. 

If the set { j~ , j z , . . .  ,jh} is empty,  the situation (b) in the theorem can be similarly 

proved by contradiction. 

If none of {il ,iz . . . . .  i,} and {jl ,js . . . . .  jh } is empty,assume that  neither of the situa- 

tions (a) or (b) is true. We show that (c) must  be true by induction. When t = h = l ,  (c) 

is obviously true. We assume that  (c) is true for all t and h with t + h < ~ N - - 1 ,  and show 

that  (c) is also true for t and h with t + h = N .  Let (x~ ~ be the solution obtained from 

( x , s )  b y j a 4 t , j z ;  . . . . .  jh-~ ; a n d i z ~ , i 3 ~ , . . . , i , ~ .  

If F ( x ~ 1 7 6  solution (x , s )  can be obtained from (x~  ~ by jh + and i l r  , 

and (c) is then true by Lemma 4 and the assumption F ( x , s ) < F ( x , s ) < ~ F ( x ~  ~ in the 

theorem. 

If F ( x ~ 1 7 6  which implies that h>~2 and t>~2, then the number of changed 

status of jobs in j~ { ,jz 4t , . . .  , jh- ,  ~ ,iz ~ ,i3 ~ . . . .  ,i, ~ is ( h - - 1 ) + ( t - - 1 ) = N - - 2 < N - -  

1, then (c) must be true by induction..  

Corollary 6. Let ( x , s )  be a dominance solution. I f  ( x , s )  can not be improved by j ~ ,i ~ , 

or j ~ and i ~ for any i E  L ( x , s )  and j ~ L ( x , s ) ,  then (x , s )  is optimal to the problem. 

Proof .  If not ,  let (x~ ~ be an optimal dominance solution to the problem, then F ( x  ~ 

s ~  Let L(x~176  = { j l , j z  . . . .  ,jh} , L ( x , s ) ' k L ( x ~ 1 7 6  = {i~,iz . . . .  ,i~}. By 

assumption,  both (x~ ~ and ( x , s )  are dominance solutions. For any m =  1,2 . . . .  h and 1 

= 1 , 2  . . . . .  t ,  we have either j,,c=it or ire=j,,. Therefore (x~  ~ can be obtained from (x ,  



424 Appl. Math.  -JCU Vol. 13,Ser. B 

s) by jl  ~ ,jz ~ , . . .  ,jh ~ ,il ~ ,i2 ~ . . . . .  i, ~ .  By Theorem 5, at least one of the three situ- 

ations is t rue ,  which contradicts the assumption in this corollary. 

In Corollary 6 we give a necessary and sufficient condition for optimal dominate solu- 

t ions,  which theoretically supports  the algori thm we will propose in the next  section. 

w 4 Algorithm 

In this sect ion,  we introduce an algori thm that is based on the theoretical results ob- 

tained in Section 3. 

Before developing the algori thm, we introduce a definition of k-feasible solutions. We 

say a dominance solution is k-feasible if jobs k + 1 ,k + 2 . . . .  ,n have not been considered on 

crashing. Since we know that these ( n - - k )  uncrashed jobs are at the end of the sequence,  

a k-feasible solution is also a ( k + l ) - f e a s i b l e  solution. We also call an optimal solution a- 

mong all those k-feasible solutions a k-optimal solution, then an n-optimal solution is an 

optimal solution to our problem. All lemmas,  the theorem,  and their corollaries in Section 

3 still remain valid for k-feasible and k-optimal solutions. 

The algori thm is the procedure to construct  a (k + ] ) -op t imal  solution based on the 

current  k-optimal solution. We first give a theorem. 

Theorem 7. Let (x"  (k)  ,s" ) be a k-optimal solution, ( x ~  ,s ~ be from (x* (k)  ,s* ) 

due to ( k + l )  ~ , and (x~(k+ l )  ,s ~) due to ( k + l )  ~ and l ~ , for IE  L ( x "  (k)  ,s" ). Let 

r = m i n { F ( x l ( k  + l ) , s  t) --  F ( x "  ( k ) , s * ) ] l  E {0} U L ( x "  ( k ) , s * ) } .  (8) 

I f  r>~O, we set (x"  (k-I- l )  ,s" ) = (x  ~ (k)  ,s" ) ; I f  r < O ,  we let 

l = m a x { l [ r : F ( x Z ( k +  l ) , s  z ) - F ( x ' ( k ) , s * ) , l E  {0} [ . J L ( x ' ( k ) , s ' ) } ,  (9) 

and set (x"  (k - l - l )  ,s" ) = ( x t ( k + l )  ,st). 

Then the solution (x"  ( k + ] )  ,s" ) constructed in this way is ( k +  l )-optimal. 

When l G  {0} [.JL(x" ( k ) , s * ) ,  by (4) we have 

F ( x l ( k  + 1) ,s t) -- F(x*  (k) ,s* ) -= Ek+l(x" (k) ,s* ) q- E t ( x  " (k)  ,s" ) -- al.k+l, 

where we agree that  Eo(x , s )=0 ,ao~:a jo=0 .  In short  we also write Ej=E~(xk " (k)  ,s" ) ,F  k 

= F ( x "  (k)  ,s" ) ,  and L k = L ( x "  (k) ,s" ) ,  then (8) becomes 

r = min{E~+l -q- E~ -- a,,k+~ IIE {o} U L~}, (lO) 

and (9) becomes 

l = m a x { / l r  = E~+I + E~ --  az.k+,,i E {0} U L~}. (11) 

The  following algori thm is based on Theorem 7. 

Algorithm 

Step 1. Originally,  jobs are ordered such that P___L~P__s ~ P " ,  and Pi~PJ+I when 
W l ~ ' ~ . W 2 " ~ .  �9 �9 W n  

P_A--Pfi-~ i .e .  l ~ - 2 - ~ - . . . ~ - n .  Calculate F ~ 1 7 6  where 0 = ( 0 , 0  . . . .  O) a n d s  ~  
W j  W j+ 1 ' 



No. 4 Tang,G, C. & Foulds, L.R. SINGLE M A C H I N E  SCHEDULING ( P A R T  I) 425 

(1 ,2  . . . . .  n).  Compute E~ ~ by using ( 2 ) ,  ai jby using (3 ) ,  for i , j = l , 2  . . . . .  n. 

Also we agree that E~ for j = l ' , 2  . . . . .  n ,  L ~  Let  k = 0 .  

Step 2. If k = n ,  the algori thm stops. F" is  the optimal cost. Crash all jobs in L" to ob- 

tain x ,  as well as the corresponding WSPT sequence s. ( x , s )  is the optimal solution. If k ~  

n,  compute r=-min{E~+l +E~--at.k+l [lE {0} ULk}. 
, ~ k + l  k - '~ Step 3. If r> /0  then set - i  = - E i , j = l , 2  . . . . .  n,Lk+~=L k and Fk+I=F k. Let k = k  

-+-1. Go to Step 2. 

I f r ~ 0 ,  f o r l = m a x { i [  -- b b - r - - E k + l + E z - - a ~ , ~ + l , l f f  {0} ULb}, we set Fk+l=Fb+r,  and if l 

= 0 ,  then by (4) we set 

l - -  E l + l ,  i f  m = k if-  1. 

E k+l E,, -~- 0tm,b+l, if m # k + 1 ,m ~ L b , 
k [Em--a~.k+l,  if m E  D .  

Let  Lk+~=-LbU { k + l } ,  and k : k + l .  Go to Step 2. if l > 0 ,  then by (6) we set 

- -  E b + l  - -  a l , b + l ,  i f  m = k + 1 ,  

J - -  E~ + al.b+l, if m = l ,  Eb+l 
"5 - - m  / k 

Em+am,~+l--a~m, i fm=/=k  + 1,m ~ L b, 

[Em -- a~.b+l + l~, i f m = ~ l , m  E L b. 

Let  Lk+~=LbU { k + l } \ { l } ,  and k = k + l .  Go to Step 2. 

The  complexity of the our algorithm is O(n2). 

w 5 A N u m e r i c a l  E x a m p l e  

In order to illustrate the algorithm proposed in Section 4, we consider an example 

with the following data. 

Table u =  l , c =  8 

Job j 1 2 3 4 

pj 6 7.5 7.5 1.9 

wi 5 4 4 1 

Initially,  we have x ~  ( 0 , 0 , 0 , 0 ) , s  o=  ( 1 , 2 , 3 , 4 ) , L ~  " and F~176176  9. 

k = O : r = - - 6 ~ O , l = O , F l = F ~  and upgrade E)'s. Crash job 1 and obtain L a 

= { 1} .  

k----1 : r = - - 1 ~ O , l = O , F 2 = F l - k r = 1 8 3 . 9  and upgrade E~'s. Crash job 2 and obtain L 2 

= L ~ U  {2}= {1,2).  

k = 2 : S i n c e  r=O,F3=F2=183 .9  and L 3 = L  2= {1,2}. 

k = 3 : r = - - 0 . 3 ~ 0 , l = 2 , F 4 ~ - F 3 - k r = 1 8 3 . 6  and upgrade E~'s. Crash job 4, resume 

job 2 and L4=L3U {4}\{2} = {1,4}. 

The  optimal crash decision is x* = ( 1 , 0 , 0 , 1 ) ,  and the optimal sequence is the corre- 
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sponding  W S P T  sequence which is s" = ( 4 , 1 , 2 , 3 ) .  The  opt imal  cost  is 183.6.  

w 6 Conclusion 

In this pape r ,  we have considered the schedul ing p rob lem with  control lable  p rocess ing  

t imes and compress ion  costs.  A special case of equal control lable  p rocess ing  t imes and e- 

qual compress ion  cos ts  is discussed.  We provide ana ly t i ca l  resu l t s  and developed an al- 

g ro i thm to solve the  special case o p t i m a l l y .  There  are several  fu ture  research direct ions.  

F i r s t ,  nonl inear  compress ion  cost  m a y  be considered as an extension.  In fac t ,  it is very  

possible tha t  the compress ion  cost  is a lump sum ( the special case discussed in this paper )  

or  a convex / concave  funct ion of the t ime crashed depending  on how the resources  are 

used. Second ,  incorpora t ing  mult iple  compress ion  costs  migh t  be an in teres t ing ex tens ion  

since compress ing  a job usual ly  requires mult iple  resources ,  s t a f f ,  faci l i ty ,  and mater ia ls .  

To  aggrega te  costs  of  several resources  in crashing is one way.  T o  separate  them to reflect  

their  different  requi rements  in compress ion  is another  way.  F ina l ly ,  a more  cha l lenging  

extens ion  migh t  be to consider  mult iple  identical machines.  Th i s  ex tens ion ,  in fac t ,  is 

more  realistic and more  applicable in the  real sphere.  
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